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We consider a quasi-periodically identified conical spacetime, like the one of a cosmic string or
disclination, to investigate nonzero averaged quantum vacuum fluctuations effects on the energy-
momentum tensor and induced current density associated with a charged scalar field. We obtain
exactly closed analytical expressions for the two-point Wightman function and the vacuum expec-
tation value of the field squared, as well as for all components of the energy-momentum tensor. As
to the induced current density, due to the quasi-periodic condition used, the only nonzero averaged
component found is the azimuthal one. We also compare our results with previous ones found in
literature.
I. INTRODUCTION
Quantum vacuum fluctuation effects arise every time the quantum vacuum of a relativistic field (scalar, vector,
fermionic) is somehow perturbed, either by the implementation of boundary conditions of some sort or by external
fields [1–4]. These effects also take place in curved spacetimes, in principle, solely as a consequence of the existence
of a nontrivial topology [2–6]. Evidently, boundary conditions or/and external fields can also be considered in these
spacetimes with nontrivial topology, in which case an effect associated with each one of these ingredients, separately,
comes about. One could mention, as examples of quantum vacuum effects, fluctuations of the classical light-cone [7, 8],
induced Brownian motion [9–11], induced current density of a charged field [12–14], self-interactions [15–17] and the
mostly known Lamb shift [1], Casimir effect [1–4, 18] and several others. Here we will focus attention on the energy-
momentum tensor and current density as nonzero averaged physical observables, in particular, the 00-component of
the energy-momentum tensor which is the vacuum energy density arising from a Casimir-like effect.
As originally envisaged, and already experimentally verified [19–24], the Casimir effect arises when two discharged
parallel plates are placed together in vacuum, very closely, at a distance of the order of µm, resulting in an attractive
interaction between the plates, as a consequence of the modification of the quantum vacuum fluctuations of the
electromagnetic field, the dominant fluctuations over the other fields [25]. The calculation of the intensity of the
attractive force, of course, is performed by considering the Minkowski spacetime. However, theoretically, many works
have been done considering the Casimir effect in spacetime with nontrivial topology, along with boundary conditions
[2–4, 18]. In this context, other components of the energy-momentum tensor have also been considered [5, 6, 26–32].
Another interesting physical observable that is worth investigating is the induced current density associated with a
charged field. In the context of the semi-classical approach of quantum field theory, for instance, the vacuum expec-
tation value of the current density can be used as source in the Maxwell equations providing a further understanding
of the electromagnetic field dynamics. This line of research have been considered in several works in the past few
years [12–14] and our intension is also to follow up in this direction. Note that, in the absence of a gauge field, there
can exist an induced current density when, for instance, a quasi-periodic boundary condition is adopted, which is the
case we will be considering.
A very interesting spacetime with nontrivial topology is the one generated by the gravitational field of a idealized
thin, straight and very long cosmic string [33–35]. Cosmic string is a line-like topological defect predicted in many
extensions of the Standard Model of particle physics, and more recently in the context of string theory [36, 37]. It
can have several cosmological, gravitational and astrophysical consequences [33–38], which makes its physics of great
interest. It should be pointed out that the counterpart of a cosmic string in condensate matter is a disclination [39].
Both, cosmic string and disclination, are described by a conical spacetime.
The Casimir effect can be used to understand the behaviour of materials in nanoscale and, in this sense, also may
appear once one considers, for instance, tube of carbon atoms at a scale of 10−9m (nanotubes), the exactly scale
where the Casimir effect makes itself stronger. An analogue model may well be pictured in which a quasi-periodic
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2boundary condition mimics properties of nanotubes. The quasi-periodic boundary condition is introduced by means
of the identification Φ(t, r, ϕ, z) = e2piiβΦ(t, r, ϕ + 2pi/q, z) [6], causing an explicit dependence on the parameter β
by the solution of the scalar field obeying the condition. The link between the quasi-periodic boundary condition
and the nanotubes physics happens through the way the carbon sheet is cut, which determines the properties of the
nanotube. This is directly related to the phase angle whose values take place in the interval 0 ≤ β ≤ 1, defining the
properties of the nanotube. According to the theory, the properties of a nanotube is determined by the chiral vector
(also known as circumferential vector) ~c = n1~a1 +n2~a2, where n1 and n2 are integer numbers known as chiral indices.
As the graphene present a hexagonal symmetry, the chiral angle can assume values between 0◦and 60◦, although the
nanotube can often be found in an interval 0◦ ≤ 2piβ ≤ 30◦. In this case another equivalent nanotube can also be
found in the interval 30◦ ≤ 2piβ ≤ 60◦ [40]. The difference lies in the helicity of the graphene lattice, where the points
around the tube changes from the right side to the left one, modifying optical properties. In terms of chiral pairs
(n1, n2) there are two special cases. If we choose β = 0, it characterizes a Zigzag nanotube with chiral pair (n1, 0)
that may represent a semimetal when n1 − n2 = 3p or a semiconductor when n1 − n2 6= 3p, with p ∈ Z. For β = 1/3
the phase angle becomes 60◦ and represents the Arm-chair nanotube, which is always a metal nanotube described
by the chiral pair (n, n), that is, n1 = n2 . The chiral nanotube, in addtion, occurs for 0
◦ < 2piβ < 30◦ and can be
semimetal or semiconductor, following the same conditions as in the Zigzag nanotube case.
The role of the scalar field in graphene theory can be interpreted as the scalar potential Φ(x) related to the free static
electric field E(x), given by E(x) = −∇xΦ(x) [41]. It can be used in quantum field theory to represent excitations of
spinless Dirac fermions in graphene, and its fluctuations can be related to a quantum field of a plasmon in graphene
[42]. Another application is in the context of graphene nanorings. In this case, depending on the form of the nanoring
(armchair or zigzag) it can be characterized by a position-dependent scalar field denoted by m(x), representing a
position-dependent mass [43].
The paper is organized as follows. In Sec.II the solution of the Klein-Gordon equation in a quasi-periodically
identified conical spacetime (cosmic string or disclination) is obtained, along with a closed and exact analytical
expression for the Wightman two-point function. In Sec.III we explicitly calculate the vacuum expectation value of
the field squared, of the energy-momentum tensor and the induced current density. Finally, in Sec.IV we present our
conclusions. Throughout the paper we use natural units G = ~ = c = 1.
II. WIGHTMAN FUNCTION
We want to investigate the changes in the quantum vacuum fluctuations of a charged scalar field arising as a
consequence of a quasi-periodically identified spacetime. Generically, the spacetime to be considered here is either
the cosmic string or the disclination one, both characterized as having a conical topology. As a topological defect,
their one-dimensional nature allows us to use cylindrical coordinates to write the following line element describing a
(3 + 1)-dimensional conical spacetime:
ds2 = gµνdx
µdxν = dt2 − dr2 − r2dϕ2 − dz2, (1)
where the cylindrical coordinates take values in the range r ≥ 0, 0 ≤ ϕ ≤ 2pi/q and −∞ < (t, z) < +∞. The presence
of the cosmic string is characterized by the parameter q ≥ 1, which is given in terms of the linear mass density of
the cosmic string, µ, that is, q−1 = 1 − 4Gµ, where G is the Newton’s gravitational constant [33–35]. Moreover, in
condensate matter systems, the parameter q characterizes a disclination and can take on any values such that q ≥ 0
[39].
The scalar field modes propagating in the conical spacetime (1) is to obey a quasi-periodic boundary condition
given by
Φ(t, r, ϕ, z) = ei2piβΦ(t, r, ϕ+ 2pi/q, z), (2)
where β is a parameter defined in the interval 0 ≤ β ≤ 1 and regulates the phase angle present in (2).
The charged scalar field theory we want to consider here is obtained, in (3+1)-dimensional curved spacetime,
through the following action:
S =
1
2
∫
dx4
√
|g| [gµν∇µΦ∇νΦ∗ − (m2 + ξR)|Φ|2] , (3)
where g = det(gµν), R is the Ricci scalar, ∇ν is the covariant derivative and ξ is the constant coupling to gravity
parameter. In the massless case, the action and the scalar field obey a conformal symmetry if we choose ξ = 16 ,
leading to a nonminimally coupled scalar field theory invariant under conformal transformation [2]. Note that we are
not considering a gauge field, Aµ(x), which is normally taken into consideration in several cases [12–14].
3The Klein-Gordon equation for a nonminimally coupled charged scalar field Φ(x), thus, follows from the action (3)
and is written as [
1√|g|∂(√|g|gµν∂ν) +m2 + ξR
]
Φ(x) = 0. (4)
Note that we are considering a conical defect that has associated to it a Dirac delta-type Ricci scalar function and,
therefore, has an infinity curvature at origin but zero one at r 6= 0 [33, 34]. In order to avoid the infinity curvature
contribution at origin, and the complications following from that (see for instance [44]), we will be interested only in
the minimally coupled scalar field case, ξ = 0.
In the conical spacetime given by the line element (1), the Klein-Gordon equation (4) for the minimally coupled
scalar field, Φ(x), takes the form[
∂2
∂t2
− 1
r
∂
∂r
(
r
∂
∂r
)
− 1
r2
∂2
∂ϕ2
− ∂
2
∂z2
+m2
]
Φ(x) = 0. (5)
Thereby, the regular solution at origin of the above equation for the minimally coupled scalar field obeying the
quasi-periodic boundary condition (2) is given by
Φ(t, r, ϕ, z) = Ae−iωkteiνzeiq(n−β)ϕJq|n−β|(ηr), (6)
where Jα(x) is the Bessel function of the first kind, A is a normalization constant, ωk = m
2 +η2 +ν2 and k = (n, η, ν)
is the set of quantum numbers.
The normalization constant, A, present in the solution (6) is calculated by using the condition∫
d3x
√
|g|Φk(x)Φ∗k′(x) =
1
2ωk
δkk′ , (7)
where the notation δkk′ stands for the Kronecker delta in the case of the discrete quantum number n, and Dirac delta
in the case of the continuous quantum numbers η and ν. Thus, using Eqs. (6) and (7) we found that the normalization
constant A is given by
|A|2 = ηq
2ωk(2pi)2
. (8)
The complete normalized solution is, hence, written as
Φk(x) =
[
ηq
2ωk(2pi)2
] 1
2
e−iωkt+i(n−β)qϕ+iνzJq|(n−β)|(ηr). (9)
The spectrum of quantum vacuum fluctuations of the scalar field in the quasi-periodically identified spacetime
of a conical defect as considered here, when compared with the Minkowski spacetime, is definitely changed. The
changes in the quantum vacuum fluctuations is, then, studied by means of the positive frequency Wightman function
defined in the vacuum state |0〉 and given in terms of the product of the field operator Φˆ(x) at different points, that
is, W (x, x′) = 〈0|Φˆ(x)Φˆ(x′)|0〉. The field operator once expanded in terms of the complete set of normalized mode
functions, Eq. (9), allows us to write the Wightman function in the form
W (x, x′) =
∑
k
Φk(x)Φ
∗
k(x
′)
=
q
2(2pi)2
∑
k
e−iωk∆t
ωk
eiν∆zei(n−β)q∆ϕηJq|(n−β)|(ηr)Jq|(n−β)|(ηr′), (10)
where ∆t = t− t′, ∆ϕ = ϕ− ϕ′, ∆z = z − z′ and we have used the notation∑
k
=
∫ ∞
−∞
dν
∫ ∞
0
dη
∞∑
n=−∞
. (11)
The procedure to perform the integrals and sum above requires that we first make a Wick rotation ∆τ = i∆t in (10)
and, then, use the identities (19) and (21) of Ref. [31]. This allows us to evaluate the integrals in ν and η to obtain
W (x, x′) =
q
2(2pi)2
∫ ∞
0
ds
s3
e−s
2m2−∆ζ2
4s2 e−iqβ∆ϕ
∞∑
n=−∞
einq∆ϕIq|(n−β)|(rr′/2s2), (12)
4where ∆ζ2 = ∆τ2+∆z2+r′2+r2. Furthermore, the sum in n above can be performed by using the summation formula
(A.7) of Ref. [12]. This makes possible to perform the integral in s, providing the closed form for the Wightman
function1
W (x, x′) =
m2
(2pi)2
e−iqβ∆ϕ
{∑
n
eiβ(2pin−q∆ϕ)f1(mσn)
− q
2ipi
∑
j=+,−
jejiqβpi
∫ ∞
0
dy
cosh[qy(1− β)]− cosh(qβy)e−iq(∆ϕ+jpi)
cosh(qy)− cos[q(∆ϕ+ jpi)] f1(mσy)
 , (13)
where the function fµ(x) is defined in terms of the Macdonald function Kµ(x) as
fµ(x) =
Kµ(x)
xµ
, (14)
and
σ2n
2rr′
=
∆ζ2
2rr′
− cos
(
2npi
q
−∆ϕ
)
, (15a)
σ2y
2rr′
=
∆ζ2
2rr′
+ cosh y. (15b)
Note that the sum in n in the first term on the r.h.s of (13) needs to be taken under the restriction [5, 13, 31]
−q
2
+
∆ϕ
ϕ0
≤ n ≤ q
2
+
∆ϕ
ϕ0
. (16)
Note also that in the case q < 2, the first term on the r.h.s of (13) only exists for n = 0 [5, 13, 31] . This term, in the
coincidence limit x′ → x, diverges in the calculation of the physical observables and as such it should be subtracted
to obtain the finite renormalized quantity.
It is evident that in the case the conical spacetime is not quasi-periodically identified (β = 0) the expression (13)
reduces to the known expression for the Wightman function in the pure conical spacetime [26, 27], i.e,
W (x, x′) =
m2
(2pi)2
{∑
n
f1(mσn)
− q
2pi
∑
j=+,−
∫ ∞
0
dy
sin(qpi + jq∆ϕ)
cosh(qy)− cos[q(∆ϕ+ jpi)]f1(mσy)
 . (17)
Conversely, in the absence of a conical (q = 1), in other words, in a quasi-periodically identified Minkowski spacetime,
the Wightman function becomes
W (x, x′) =
m2e−2iβ∆ϕ
(2pi)2
{
f1(mσ0)
−e
iβ∆ϕ sin(piβ)
pi
∫ ∞
0
dy
cosh[y(1− β)] + cosh(βy)e−i∆ϕ
cosh y + cos ∆ϕ
f1(mσy)
}
. (18)
The first term on the r.h.s of the above expression is the term mentioned before that diverges in the coincidence limit
x′ → x (σ0 → 0). It is defined as the Hadamard function
GH(x, x
′) =
m2e−2iβ∆ϕ
(2pi)2
f1(mσ0), (19)
1 See Refs. [5, 13, 31] for a similar procedure.
5which should be subtracted in the calculation of the physical observables [28, 29]. It is in fact the (divergent) Minkowski
contribution to the Wightman function.
In the massless scalar field case we can obtain the Wightman function from Eq. (13) by taking the limit m → 0.
This gives
W (x, x′) =
e−iβq∆ϕ
(2pi)2
∑
n
eiβ(2pin−q∆ϕ)
σ2n
− q
2ipi
∑
j=+,−
jeijpiqβ
×
∫ ∞
0
dy
cosh[qy(1− β)]− cosh(qβy)e−iq(∆ϕ+jpi)
[cosh(qy)− cos[q(∆ϕ+ jpi)]]σ2y
}
. (20)
It is straightforward to show that the massless case of Eqs. (17), (18) and (19) follows from Eq. (20), showing the
consistency of our results.
The exact closed expression for the Wightman function, Eq. (13), in a quasi-periodically identified conical space-
time will allow us, in the next section, to study the physical observables we are interested in, namely, the Vacuum
Expectation Value (VEV) of the field squared, the VEV of the energy-momentum tensor and the induced current
density.
III. PHYSICAL OBSERVABLES
A. Vacuum expectation value of Φ2(x)
Formally, the standard prescription to calculate the VEV of the field squared2, 〈Φ2〉, is to take the Wightman
function (13) in the coincidence limit x′ → x [5, 13, 31] , that is,
〈Φ2〉 = lim
x′→x
W (x, x′). (21)
However, in order to perform this procedure we need first to subtract the divergent part described by the Hadamard
function (19). In the coincidence limit we, thus, have the renormalized VEV of the field squared
〈Φ2〉ren = lim
x′→x
[W (x, x′)−GH(x, x′)]
=
2m2
(2pi)2

[q/2]∑
n=1
∗ cos(2pinβ)f1(2mrsn)− q
2pi
∫ ∞
0
dyM(y, β, q)f1(2mrsy)
 , (22)
where sn = sin(npi/q), and sy = cosh(y/2) and
M(y, β, q) =
sin[qpi(1− β)] cosh(qβy) + cosh[qy(1− β)] sin(qβpi)
cosh(qy)− cos(qpi) . (23)
Note that [q/2] represents the integer part of q/2 and the symbol (∗) present in the sign of summation in n means
that in the case q is an integer number the sum in n should be replaced with [5, 13, 26, 27, 31]
[q/2]∑
n=1
∗ → 1
2
q−1∑
n=1
. (24)
The massless scalar field case is obtained from (22) by taking the limit m→ 0. This provides
〈Φ2〉ren = 1
8pi2r2

[q/2]∑
n=1
∗ cos(2piβn)
sin2(npi/q)
− q
2pi
∫ ∞
0
dy
M(y, β, q)
cosh2(y/2)
 . (25)
2 From now on we will use the short notation 〈0|Oˆ|0〉 = 〈Oˆ〉.
6Hence, the fluctuations of the quantum vacuum of the scalar field do not average to zero as we can clearly see through
the expressions for the renormalized VEV of the field squared in the massive and massless scalar field cases given by
Eqs. (22) and (25), respectively. It is clear in both of these expressions that taking q = 1 and β = 0 the renormalized
VEV of the field squared average to zero, as it should be. It is also clear that, in the case β = 0, the results in (22) and
(25) recover the VEV of the field squared in a conical spacetime (cosmic string or dispiration) [26, 27]. Conversely,
in the case q = 1, the first term on the r.h.s of Eqs. (22) and (25) are absent and we obtain the VEV of the field
squared in a quasi-periodically identified Minkowski spacetime. It is worth pointing out that, in the limit mr  1,
the VEV of the field squared in the massive case (22) is exponentially suppressed. In the opposite limit, mr  1, Eq.
(22) provides the VEV of the field squared in the massless case, Eq. (25).
It is interesting to analyse the case β = 1/2 (twisted scalar field) separately for the renormalized VEV of the field
squared in Eq. (25). The exact expression for any value of q is given by
〈Φ2〉ren = 1
8pi2r2

[q/2]∑
n=1
∗ (−1)n
sin2(npi/q)
− q
2pi
∫ ∞
0
dy
M(y, 1/2, q)
cosh2(y/2)
 . (26)
One should remind, however, that for q < 2 the first term on the r.h.s. is absent.
In particular, if the conical parameter q is an integer number, the expression (26) can be simplified by noting Eq.
(24). This provides an algebraic expression for the sum in n on the r.h.s of (26), that is,
1
2
q−1∑
n=1
(−1)n
sin2(npi/q)
= − 1
12
(q2 + 2), for q − even. (27)
Note that the sum in n above is zero for q-odd. Hence, for even values of q, in the twisted massless scalar field case,
from Eq. (26), we have
〈Φ2〉ren = − 1
96pi2r2
(q2 + 2), (28)
where M(y, 1/2, q) = 0 for even q. The expression in Eq. (28) was obtained previously in Ref. [30] for any value
of q. In fact, an analytic continuation can be assumed for the result in Eq. (28) to be valid for any value of q. A
numerical analysis of (28) comparing it with the actual general expression (26), valid for any value of q, shows that
the analytical continuation of (28) to be valid for any value of q is plausible and agrees with (26) whatever the value
of q we take.
On the other hand, by considering only odd values of q, the only contribution to the VEV of the field square comes
from the second term on the r.h.s of (26). The expression is then written as
〈Φ2〉ren = −q sin(qpi/2)
16pi3r2
∫ ∞
0
dy
[cosh(qy/2)]−1
cosh2(y/2)
, for q − odd. (29)
Note that an analytical continuation can not be assumed for the expression above to be valid for any value of q since
it does not reproduce the values of (28) for any value of q.
In the case there is no conical defect in Eq. (29), that is, q = 1, we obtain that the resulting integral in y is given
by pi2 , leading to
〈Φ2〉ren = − 1
32pi2r2
. (30)
which agrees with Refs. [30, 45]. Note that we obtain the same result (30) by making q = 1 in (28), as it should be.
Therefore, our β-dependent general expressions (22) and (25) for the VEV of the field squared for the massive and
massless scalar fields recover the long known results (28) and (30) [30, 45].
B. VEV of the energy-momentum tensor
Let us now turn to the calculation of the VEV of the energy-momentum tensor arising as a consequence of the
quasi-periodically identified conical spacetime. We can do that by considering the expression of the VEV of the
energy-momentum tensor for a charged scalar field derived in [31, 32]. This expression, when assuming the absence
of a four-vector gauge field, is given by
〈Tµν〉 = 2 lim
x′→x
∂µ′∂νW (x, x
′) + 2
[(
ξ − 1
4
)
gµν2− ξ∇µ∇ν − ξRµν
]
〈Φ2〉, (31)
7where Rµν is the Ricci tensor and 2 is the box or d’Alembertian operator. Moreover, by using Eq. (22) we are able
to obtain 2〈Φ2〉, that is,
2〈Φ2〉ren = − 8m
4
(2pi)2

[q/2]∑
n=1
∗ cos(2pinβ)
[
(2mr)2s4nf3(2mrsn)− 2s2nf2(2mrsn)
]
− q
2pi
∫ ∞
0
dyM(y, β, q)
[
(2mr)2s4yf3(2mrsy)− 2s2yf2(2mrsy)
]}
. (32)
Note that the only derivative contribution in the d’Alembertian operator is the one due to the radial component, r.
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FIG. 1: Renormalized massive scalar vacuum energy density, ρ = 〈T 00 〉ren, in units of m4, plotted in terms of mr (on the left)
and β (on the right). Note that β = 1/11 value has been taken for the plot on the left and mr = 1 for the plot on the right.
Hence, from Eqs. (31), (32) and (13) for the minimally coupled case, ξ = 0, we find that the renormalized VEV of
the energy-momentum tensor for a massive charged scalar field is found to be
〈Tµν 〉ren =
m4
pi2

[q/2]∑
n=1
∗ cos(2pinβ)Fµν (2mr, sn)−
q
2pi
∫ ∞
0
dyM(y, β, q)Fµν (2mr, sy)
 , (33)
where the functions Fµν (u, s) are defined as
F 00 (u, s) = u
2s4f3(us)− [2s2 + 1]f2(us),
F 11 (u, s) = −f2(us),
F 22 (u, s) = u
2s2f3(us)− f2(us),
F 33 (u, s) = F
0
0 (u, s). (34)
Some observations are worth to be pointed out at this stage. Firstly, we can notice that the VEV of the energy-
momentum tensor (33) presents a boost invariance in the z direction which leads to F 33 (u, s) = F
0
0 (u, s). Moreover, in
order to calculate the (2,2)-component of the VEV of the energy-momentum tensor, (33), we made use of Eq. (52) from
[27]. Note also that, in the absence of a conical defect (q = 1), there is still a nonzero contribution to the VEV of the
energy-momentum tensor coming from the second term on the r.h.s of Eq. (33) due to the quasi-periodic condition (2).
On the other hand, in the absence of the quasi-periodic condition (2), we recover the VEV of the energy-momentum
tensor generated by the presence of a conic defect3 [26, 27]. The VEV of the energy-momentum tensor, in the limit
mr  1, is exponentially suppressed while in the opposite limit, mr  1, provides the massless expression as the
dominant contribution (see Eq. (36)). Evidently, when r → 0, keeping m 6= 0, the energy-momentum tensor diverges.
These asymptotic behaviours are shown in the left plot in Fig.1 for the (0,0)-component (energy density), considering
3 In fact, we do not recover exactly the same expression as in Refs. [26, 27], that considered a real scalar field. It is the expression
obtained in the latter multiplied by two that we recover. This factor of two comes from (31) which is the definition of the VEV of the
energy-momentum tensor of a charged scalar field.
8different values of the conical parameter q. It is clear that for a given value of β, the sign of the energy density changes
as the value of q increases. The plot on the right of Fig.1 for the energy density is in terms of β and shows that it
begins to oscillates as the value of q increases. Finally, we have proved that the VEV of the energy-momentum tensor
satisfies both the covariant conservation condition ∇µ〈Tµν 〉ren = 0 and the trace identity for a massive charged scalar
field, i.e.,
〈Tµµ 〉ren = 6(ξ − 1/6)∇µ∇µ〈Φ2〉ren +m2〈Φ2〉ren. (35)
q
1.0
3.0
3.5
4.0
0.0 0.2 0.4 0.6 0.8 1.0
- 0.015
- 0.010
- 0.005
0.000
0.005
0.010
0.015
Β
r4
Ρ
FIG. 2: Renormalized massless scalar vacuum energy density, ρ = 〈T 00 〉ren, in units of r−4, plotted in terms of β.
The renormalized VEV of the energy-momentum tensor in the massless scalar field case is obtained exactly by
taking the limit m→ 0 of the massive case, Eq. (33). This provides
〈Tµν 〉ren =
1
16pi2r4

[q/2]∑
n=1
∗ cos(2pinβ)Hµν (sn)−
q
2pi
∫ ∞
0
dyM(y, β, q)Hµν (sy)
 , (36)
where the functions Hµν (s) are defined as
H00 (s) =
4
s2
− 2
s4
,
H11 (s) = −
2
s4
,
H22 (s) =
6
s4
,
H33 (s) = H
0
0 (s). (37)
As we can see, the VEV of the energy-momentum tensor in the massless scalar field case, (36), is also boost invariant
in the z-direction since H33 (s) = H
0
0 (s). It is worth noticing that the expression (36) vanishes for very large radial
distances and diverges as r goes to zero, in both cases with a power of r−4. In order to see the behaviour of (36) with
respect to β its plot is shown in Fig.2 and it is very similar to the massive case, that is, as the conic parameter is
increased, the VEV of the energy-momentum tensor in the massless scalar field case start to oscillate more. Moreover,
when β = 0, our result is consistent with the expression for the energy-momentum tensor purely as a consequence
of a conic defect found in Refs. [26, 27], for a real scalar field. Conversely, in the absence of a conic defect, that is,
q = 1, the only contribution comes from the second term on the r.h.s of (36).
As we have done in the previous section for the VEV of the field squared, let us also consider separately the twisted
scalar field case, i.e., when β = 1/2. Again, for simplicity, we will take integer values of q and analyse the first term
on the r.h.s of (36). In this case, by making use of (24), we get
1
2
q−1∑
n=1
(−1)nHµν (sn) =
[
7q4 + 8
360
(1, 1,−3, 1)− q
2 + 2
9
(2,−1, 3, 2)
]
, for q − even, (38)
where the numbers in parentheses stand for the diagonal elements. Thus, the VEV of the energy-momentum tensor,
in this case, is given by
〈Tµν 〉ren =
1
16pi2r4
[
7q4 + 8
360
(1, 1,−3, 1)− q
2 + 2
9
(2,−1, 3, 2)
]
, (39)
9where M(y, 1/2, q) = 0 for even q. Although (39) has been obtained by using the result (38), valid for even q, an
analytic continuation can be assumed in order for it to be valid for any value of q, in the same way we have done
for the expression (28). Indeed, taking any value of q, we can numerically verify that Eq. (39) is consistent with Eq.
(36), for β = 1/2. The result (39) is also consistent with the one obtained in Ref. [30], for a real scalar field.
In the absence of a conical defect (q = 1), the contribution is solely due to the massless and charged twisted scalar
field and can be obtained from (39) as
〈Tµν 〉ren =
1
128pi2r2
(−5, 3,−9,−5). (40)
The expression above is also consistent with the result obtained in Refs. [30, 45] for a real twisted scalar field in
Minkowski spacetime.
C. Induced current density
A complex scalar field obeying a quasi-periodicity condition (2) in a conical spacetime has also an induced current
density as a result of its quantum vacuum fluctuations be modified. Formally, the VEV of the induced current density
is obtained as [13]
〈Jµ〉 = i lim
x′→x
(∂µ − ∂µ′)W (x, x′). (41)
This induced current density arises in fact due to the action (3) be invariant under the quasi-periodicity condition
(2). Since the latter affects only the ϕ-coordinate, the existing action symmetry induces only a nonzero azimuthal
current density, according to the Noether theorem.
In order to calculate the ϕ-component of the VEV of the current density (41), the better approach is to take first
the ϕ-derivative of (12) and, then, take the coincidence limit x′ → x. In this case we have
〈Jϕ〉 = − q
(2pi)2
∫ ∞
0
ds
s3
e−s
2m2− r2
2s2
∞∑
n=−∞
q(n− β)Iq|(n−β)|(r2/2s2). (42)
The sum in n present in the above expression has been worked out in Ref. [13] (Eq. A19). By making use of the
result from the latter we are able to perform the integral in s to obtain
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FIG. 3: Renormalized induced current density, (43), in units of m4, plotted in terms of mr (on the left) and β (on the right).
Note that β = 1/6 has been taken for the plot on the left and mr = 1 for the plot on the right.
〈Jϕ〉 = m
4
pi2

[q/2]∑
k=1
∗ sin
(
2kpi
q
)
sin(2kpiβ)f2(2mrsk) +
q
2pi
∫ ∞
0
dyg(y, β, q)f2(2mrsy)
 , (43)
where
g(y, β, q) =
sin(qpiβ) sinh[(1− |β|)qy]− sinh(yqβ) sin[(1− |β|)qpi]
cosh(qy)− cos(qpi) . (44)
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The induced current density (43) associated with a massive and charged scalar field is exponentially suppressed in
the regime mr  1 while it provides as the main leading contribution the expression for the massless and charged
scalar field in the regime mr  1. Furthermore, if we keep m fixed and take r → 0, the induced current density (43)
diverges. These asymptotic behaviours are shown in the left plot of Fig.3. It also shows that the induced current
density is enhanced as q is increased. On the right plot of Fig.3, on the other hand, for a fixed value of mr, the
dependence of the induced current density on β makes it oscillate more as q is increased. The plot on the right of
Fig.3 also shows that the induced current density is positive when β < 0.5 and negative for β > 0.5, vanishing when
β = 0.5. That is, there is no induced current density for a twisted scalar field.
Now, if one takes the limit m→ 0 in (43), we find the exact closed expression for the induced current density of a
massless and charged scalar field
〈Jϕ〉 = 1
8pi2r4

[q/2]∑
k=1
∗ sin
(
2kpi
q
)
sin(2kpiβ)
sin4(kpi/q)
+
q
2pi
∫ ∞
0
dy
g(y, β, q)
cosh4(y/2)
 . (45)
It is straightforward to see that this expression goes to zero as r → ∞ and diverges when r → 0, in both cases with
power of r−4. In Fig.4 the induced current density is plotted in terms of β and shows that the more q is increased the
more the induced current density oscillates. It also shows, again, that the induced current density is positive when
β < 0.5 and negative for β > 0.5, vanishing in the twisted scalar case β = 0.5.
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FIG. 4: Renormalized induced current density, (45), in units of r−4, plotted in terms of β.
One should note that, from Eqs. (43) and (45), if we take β = 0 there is no current density induced solely by the
conical spacetime, neither there is an induced current density in the case of a twisted scalar field, β = 1/2. On the
other hand, if we consider a quasi-periodically identified Minkowski spacetime, that is, q = 1, we have
〈Jϕ〉 = m
4
2pi3
∫ ∞
0
dyg(y, β, 1)f2(2mrsy), (46)
which is the pure contribution induced by the quasi-periodicity condition (2). The massless scalar field case follows
from (46), in the limit m→ 0, and is given by
〈Jϕ〉 = sin(piβ)
32pi3r4
∫ ∞
0
dy
[sinh[(1− β)y]− sinh(yβ)]
cosh6(y/2)
. (47)
An approximated expression can be obtained for Eq. (47) by noting that the main contribution for the integral to
converge comes from cosh6(y/2) present in the denominator. Thus, the term in the numerator can be expanded up
to first order to provide
〈Jϕ〉 ' (1− 2β) sin(piβ)
32pi3r4
∫ ∞
0
dy
y
cosh6(y/2)
' (1− 2β) sin(piβ)
120pi3r4
(32 ln(2)− 11) , (48)
which is consistent with the induced current density being averaged to zero when β = 0 and β = 1/2, as it can be
seen in Eqs. (43) and (45)-(47).
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IV. CONCLUSION
We have considered a quasi-periodic boundary condition, having as motivation its application in carbon nanotubes,
being satisfied by a massive charged scalar field whose modes propagates in (3+1)-dimensions conical spacetime which
could be either a disclination, where the conical parameter q can assume any value above zero, or a cosmic string with
q ≥ 1. Under these conditions, the Klein-Gordon equation is solved for the scalar field and the complete normalized
solution (9) is shown to depend on, q, and, β, the parameter characterizing the quasi-periodic condition (2). The
complete normalized solution is then used to obtain an exact and analytical expression for the Wightman function,
in both the massive and massless charged scalar field cases, that is, Eqs. (13) and (20).
The closed expressions for the Wightman function found provided the means to obtain how physical observables
such as the field squared, energy-momentum tensor and current density are averaged to nonzero values. This has
been clearly shown in the expressions (22) and (25) for the VEV of the field squared, in the expressions (33) and (36)
for the VEV of the energy-momentum tensor and in the expressions (43) and (45) for the induced current density.
All these expressions have been obtained in the massive and massless scalar field cases and shown to depend on both
the conical and quasi-periodic parameters q and β, respectively. The expressions for the energy density, that is, the
00-component of the energy-momentum tensor and for the induced current density have also been plotted, in terms
of mr and β, in Figs.1-4.
We conclude by saying that the modification on the quantum vacuum fluctuations of the charged scalar field caused
by the quasi-periodic condition and conical parameter certainly averages the physical observables analyzed to nonzero
values. We have checked that in the case there is no quasi-periodic condition, that is, β = 0, our results are in
agreement with previous results found in literature. We have noted, however, that in this case the induced current
density averages to zero which tell us that the conical defect by itself does not induce current. In addition, we have
also shown that our results for the twisted scalar field is consisted with previous results found in literature.
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